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INTRODUCTION 
Let A and B be two monotone operators in a Hilbert space. The sum of their 
ranges, R(A) + R(B), is in general much larger than the range of their sum 
R(A + B). Nevertheless, it has been recently shown by BrCzis [2] and by 
BrCzis and Haraux [4] that in many cases these sets are “almost” equal in the 
sense that they have the same closures and interiors. Some of their results have 
been extended to accrctive and monotone operators in Banach spaces by 
Browder 191, Gupta and Hess [12], and Calvert and Gupta [lo]. Our main 
purpose in the present paper is to establish several new results in this direction. 
Such results can be applied, for example, to Hammerstein equations and to 
boundary value problems. For other extensions and generalizations see the 
papers by Brtzis [3], Brezis and Nirenberg [4], and Gupta [ll]. 
1. ACCRETIVE OPERATORS 
Let E be a real Banach space and let J denote its (normalized) duality mapping. 
Recall that a set A C E x E with domain D(A) and range R(A) is said to be 
accretive if for each xi E D(A) and yi E Axi , i = 1, 2, there exists j E J(xr - 2%) 
such that (yr - yz ,j) > 0. If, in addition, R(I $- A) = E, then A is called 
m-accretive. The closure, interior, and convex hull of D C E will be denoted in 
the sequel by cl(D), int(D), and co(D) respectively. We will also use the notation 
jlD1J = inf{lx/:xED}. 
LEMMA 1.1. Let E be a reflexive Banach space and suppose that each weakly 
compact convex subset of E has the Jixed point property for nonexpansive mappings. 
If A C E x E is m-accretive, yn E Ax, , {xJ is bounded, and yn -+ y, then 
y E R(A). 
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Proof. We may assume that y = 0. Let Jr be the resolvent of A. Since 
I JT%l - x, 1 < Y I/ Ax, 11 < r j y,, I --f 0, the set of asymptotic centers of {xn} 
is invariant under JT . Consequently, it contains a fixed point of Jr , hence 
a zero of A. 
LEMMA 1.2. Let E be a smooth Banach space, A C E x E an m-accretive 
operator, and f E E. If there is a E E such that for each M > 0 
lim sup (w - f, I@ - 4) < o 
/z/+~ --TT--- ’ WEAZ,lWl@ 
(1.1) 
then f E cl(R(A)). 
Proof. For each Y > 0, let u, be the solution of the equation YU, + Au, 3 f. 
{Y+} is bounded as r+O. Consequently, if I uI., 1 + co, then (1.1) implies that 
r,u,. n -+ 0, and the result follows. 
LEMMA 1.3. Let E be a smooth rejexive Banach space and suppose that each 
weakly compact convex subset of E has the $xed point property for nonexpansive 
mappings. Let A C E x E be m-accretive and let F be a subset of E. If there is a E E 
such that for each f E F and M > 0 
sup (w -f, /(a - 4) < “3, 
[ZFlEA 
IW<M 
U-2) 
then int(F) C R(A). 
Proof. Let f belong to int(F) and for positive r let u, satisfy ru, + Au, 3f. 
If 1 h I is sufficiently small we can apply (1.2) to f + h and to [uV , f - ru,] E A 
and obtain (h, J(u, - a)) < c(h) + r(u, , J(a - u,)) = c(h) - r 1 a - u, I2 + 
r(a, J(a - u,)) d c(h) - r I a - u, I2 + &-(I a I2 + I a - u, I”) < c(h) + r I a 12/2. 
Hence {u,.} is bounded by the uniform boundedness principle and the conclusion 
follows by Lemma 1.1. 
In the sequel we will be concerned with operators that satisfy 
sup (w-f,J(Y--))<a 
[Z,WlEA 
(1.3) 
for all f E R(A) and y E D(A). 
For example, if A is accretive and coercive in the sense that 
lim (w’ J(’ - y)) = + co 
/zl+m 1x1 
WEAZ 
for each y E D(A), then it satisfies (1.3). 
For two subsets D, and D, of E we write D, N D, if cl(D,) = cl(D,) and 
int(Dr) = int(D,). 
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THEOREM 1.4. Let E be a smooth reflexive Banach space and suppose that 
each weakly compact subset of E has the fixed point property for nonexpansive 
mappings. Let A and B be two accretive operators in E that satisfy condition (I .3). 
If A + B is m-accretive, then R(A) f- R(B) _N R(A j- B). 
Proof. Apply Lemmata 1.2 and 1.3 to A + B and to R(A) + R(B). 
Theorem 1.4 is an extension of [4, Theorem 31. In order to extend [4, 
Theorem 41 we need the following special case of [9, Proposition 21. 
LEMMA 1.5. Let E be a Banach space with a uniformly convex dual, and let 
{q,} be a sequence in E. If f or each h E E there are a(h) E E and a constant c(h) such 
that (h, J(un - a(h))) < c(h) for all n, then [unj is bounded. 
LEMMA 1.6. Let E be a Banach space with a unsformly convex dual, and 
suppose that each weakly compact convex subset of E has the Jixed point property 
for nonexpansive mappings. Let A C E x E be m-accretive and F C E. If fw each 
f E E there is a E F such that (1.2) holds, then int(F) C R(A). 
Proof. Using the notation of the proof of Lemma 1.3 we have (h, J(u,. - a(h))) 
< c(h) + r I a(h)12/2. 7% us u ( ?> is b ounded by Lemma 1.5 and the result follows 
by Lemma 1.1. 
THEOREM I .7. Let E be a Banach space with a unaformly convex dual, and 
suppose that each weakly compact convex subset of E has the fixed point property 
for nonexpansive mappings. Let A and B be two accretive operators in E such that 
D(A) C D(B) and B satisfies condition (1.3). If A $- B is m-accretive, then 
R(A) + R(B) N R(A + B). 
Proof. Apply Lemmata 1.2 and 1.6 to A + B and R(A) + R(B). 
Remark. Lemma 1.2 implies that the conclusion of [9, Theorem 31 (where 
“/?(I u I) / u 1” should be replaced by “fl(I x I) I x I”) can be strengthened to 
read “R(T + S) N R(T) + R(S).” 
Lemmata 1.2 and 1.6 also provide information on the range of an m-accretive 
operator. 
PROPOSITION I .8. If A is an m-accretive operator in a Banach space E with a 
untformly convex dual, then cl(R(A)) is convex. 
Proof. If each point in F C E satisfies (1.1) and g E co(F), then since E” is 
uniformly convex g also satisfies (1.1). Th e result follows by applying this 
observation and Lemma 1.2 to R(A). 
PROPOSITION 1.9. Let A be an m-accretive operator in a Banach space E and 
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suppose that each weakly compact convex subset of E has the jxed point property 
for nonexpansive mappings. If either 
(a) the modulus of convexity of E* satis$es aE*(c) > CE~ for somep > 2 and 
c > 0, or 
(b) E is finite-dimensional and smooth, then int(R(A)) is convex. 
Proof. It can be shown that if (a) holds then the duality mapping J,,,: E--t E* 
with gauge function F(T) = r~-l (I/p + l/q = 1) is Holder continuous with 
exponent q - 1. If p = 2, then J is Lipschitzian and we observe that if each 
point of F C E satisfies (1.2), then so does each point of co(F). Thus the result 
follows by applying Lemma 1.6 to co(R(A)). If p > 2 we use [lo, Lemma I.31 
instead. If(b) holds, then(l.l) can replace (I .2) in Lemma 1.6. The result follows 
because each point in co(R(A)) satisfies (1.1). 
Although Proposition 1.8 is known even in a wider class of Banach spaces 
[8, 13, 141, Proposition 1.9 seems to be new outside Hilbert space. 
We now extend a Hilbert space result of A. Pazy which appears in the 
Appendix to [4]. 
PROPOSITION 1.10. Let E be a Banach space with a uniformly convex dual, 
and suppose that each weakly compact convex subset of E has the fixed point property 
for nonexpansive mappings. Let A and B be two accretive operators in E such that 
A -/- B is m-accretive. For positive Y, let ur satisfy ru, + a, + b, 3 f where f E E, 
a, E Au, , and b, E Bu, . If for each f in R(A) + R(B), {a,} is bounded as Y + 0, 
then R(A) + R(B) ‘v R(A + B). 
Proof. Let f = a + b where a E Av and b E Bw. We have (a - a, , J(u,.)) < 
(a - a, , J(4 - J(uT - 9) and (b - b,. , JO+)) < (b - 6 , J(4 - J(u7 - wN. 
Therefore r I u, I d (a - a, , JW u, I) - J(4l uP I - v/l u, I)) + (b - b, 9 
J(u./i u, 1) - J(u,./j u, j - w/l u, I)). Since {YU~> is always bounded as Y + 0, both 
{a,} and {b,} are bounded as Y -+ 0. Also, J is uniformly continuous on bounded 
subsets of E. Thus if / u, 1 + CO for some Y, + 0, then Y,u,,, -+ 0. Conse- 
quently, f belongs to cl(R(2 + B)). 
Now suppose that f belongs to int(R(A) + R(B)). If 1 h 1 is sufficiently small, 
then f + h = c, + dh where c, E Av, and dh E Bwl, . We obtain (h, J(ur/j u, 1))~ 
--r I u,. i t (ch - a, j JO4 11, I) - J(u,/l ur I - vd ur 1)) + (4 - b,, J&./I u, I) 
- J(ur/i u, ( - z+// u,. I)). Therefore a variant of the argument used in the 
proof of [9, Proposition 31 shows that the assumption that j ur, I -+ co leads to a 
contradiction. Thus {ur> is bounded as r -+ 0 and f belongs to R(A + B) by 
Lemma 1.1. This completes the proof. 
Proposition 1.10 will be used in the proofs of the following two results (cf. 
[3, Theorem 1 l] and [IO, Theorem 1.21). For positive t the Yosida approximation 
of an accretive operator A will be denoted by A, . 
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THEOREM I. 1 I. Let E be a Banach space with a uniformly CO~WX dual, and 
suppose that each weakly compact convex subset of E has the fixed point property 
for nonexpansive mappings. Let A and B be taco m-accretive operators in ic. If there 
exist 0 < k < 1 andpositive C, , C, such that for all c E D(A), a E --le., and t . 0, 
(a, J(B,v)) > -k 1 B,v I2 - C, 1 B,v I - C2 , then R(A) + R(B) e R(A-l B). 
Proof. Let f belong to E. Since A $- B, is m-accretive, we can solve the 
equation rxrSt + Ax,,~ + Btx,.,l 3 f for all positive Y and t. Since it can be shown 
that D(A) n D(B) f @, we may choose v E D(d) n D(B). If a E .-Iv, then 
Y / x,,t - v 1 ,< ( R,v + TV -f -1 a ~ < (/ Bv Jj +- YO -f + a i, so that (YS,,~) 
is bounded for 0 < Y < 1 and t > 0. Since (f, J(B,x,,,)) - ) Bl.~,,,t :? $- 
( YX,,~ , J(Btx,,t)) 3 --lz / Btx,,t I2 - C, j Btx,,t i - Cz , {B,x,,,) is also bounded. 
It follows that for fixed Y, (x~,~} converges as t + 0 to the solution of yu,. ( A-lu,. + 
Bu, sf. Thus A + B is m-accretive and {a,.) remains bounded as I’ ---+ 0. The 
result now follows by Proposition 1.10. 
Theorem 1.11 contains [4, Theorem 51 and [3, Theorem 11 J. 
THEOREM 1.12. Let E be a Banach space with a umformly convex dual, and 
suppose that each weakly compact convex subset of E has the fixed point property 
for nonexpansive mappings. Let A and B be two m-accretive operators in B such 
that Jf(D(A)) C D(A) for t > 0. If for each v E D(.-!) n D(B) and b E Bv there 
is a E Av such that (a, J(b)) 2 -k 1 b I2 - C, I b ( - c‘, where 0 ::C k < 1 and 
C, , C, > 0, then R(A) + R(B) E R(i2 t- B). 
Proof. Let YX,,~ +- a,.,, $ B,x,,~ = fwhere a,.,, E Ax,,~ . Since JtB.~,,,t belongs 
to both D(A) and D(B), there is a,.,, in AJtBx,,, such that (ar,t, J(B,x,,,)) > 
-k ) Btx,*+ ,2 - C, : Btx,.,t ( - C, . We also have (a,.,, - a,,, , J(B?x,,,)) I;.: 0. 
It follows that {Btx,,t) is bounded for all 0 < Y < 1 and t >, 0. The proof can 
now be completed as in Theorem 1. I 1. 
Remark. Theorem 1.12 also extends Corollary 2 of the Appendix to [4]. 
We conclude this section with a perturbation result in the spirit of [lo, 
Theorem 2.11. 
PROPOSITION 1.13. Let 1:’ be a Banach space with a uniformly ronz1e.x dual. 
If A C E x E is m-accretive with compact resolvents and B: E - E is a bounded 
continuous mapping such that for each y F E (Bx, J(x - y)) > -C(y) for some 
constant C(y) and all x E E, then R(A) C cl(R(A -f- B)) and int(R(d)) C 
R(A $- B). 
Proof. Let a E Au. By [lo, Lemma 2.11 we can solve the equation YU, + 
Au, + Bu,. 3 a for each positive Y. We obtain r ) u, - u I2 < r 1 u 1 I u,. - u i t 
C(u). Thus rur -+ 0 as r + 0 and a belongs to cl(R(A + B)). If a E int(R(A)), 
then for sufficiently small / h 1, a + h E Av, . We have (h, J(u~ - z.,J) < 
Y(U, , J(Q - u,)) + (Bu, , J(vh - ur)) G r I vuh 12/2 + C(v& Thus {u,.> is boun- 
ded by Lemma 1.5. The result follows because the resolvents of A are compact. 
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2. MONOTONE OPERATORS 
Recall that a subset A of E x E* is called monotone if for each xi E D(A) and 
xT~Ax,,i==1,2,wehave(xT-x$, x1 - x2) > 0. It is said to be maximal 
monotone if, in addition, there is no proper monotone extension of A. We first 
generalize [4, Lemma 11. 
LEMMA 2.1. Let E be a reflexive Banach space, A C E x E* maximal mono- 
tone, and F C E*. If for each f E F there is a E E such that 
sup (20--,a-z)<co, 
[z,mld 
(2.1) 
then co(F) C cl(R(A)) and int(co(F)) C R(A). 
Proof. Since co(F) also satisfies (2.1), it suffices to show that F C cl(R(A)) 
and int(F) C R(A). W e may assume that both E and E* are strictly convex [I]. 
Thus, given f E F, we can solve the equation Y]U, + Au, 3f for each positive 
r [7]. (2.1) now implies that YU, -+ 0 and f E cl(R(A)). If f E int(F), then for 
sufficiently small / h I, (h, ,) u is b ounded as r + 0. Thus {z+.} is bounded by the 
uniform boundedness principle, and the result follows because E is reflexive 
and A is maximal monotone. 
Lemma 2.1 implies the known result [ 15, 161 that if E is reflexive and 
A C E x E” is maximal monotone, then cl(R(A)) and int(R(A)) are convex. 
It also yields the following extension of [4, Theorems 3 and 41, where the 
operators satisfy 
sup (w-f,y--)<co (2.2) 
[Z,zc]EA 
for all f E ,rZ(.4) and y E D(A). 
THEOREM 2.2. Let E be a reflexive Banach space and let A and B be two 
monotone operators in E such that A + B is maximal monotone. If either 
(a) both A and B satisfy (2.2) 
or 
(b) B satisjies (2.2) and D(A) C D(B), 
then R(A) -t R(B) N R(A + B). 
Proposition 1.10 also has an analogue in the present setting. 
PROPOSITION 2.3. Let E be a rejexive Banach space such that both E and E* 
are strictly convex. Let Sz and B be two monotone operators in E such that A f B 
is maximal monotone. For positive r, let u, satisfy r Jq. + a, + b, 3 f where f E E”, 
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a, E Au, , and b,. E Bu, . If for each j in R(A) + R(B), (a,) is bounded as I‘ + 0, 
then R(A) +- R(B) N R(A -1 B). 
Proof. Let f == a + b where a E Av and b E Bm. Since (a, - a, u,. -- v) ,_ 0 
and (b, - b, u, - zu) > 0, we obtain Y / u, /2 < (a - a, , v) -I- (b - 6,. , w). 
Since {YU,> is always bounded as Y - 0, both (a,} and (b,] are bounded as 
Y - 0. Thus &* 1 u,. I is bounded, and Jo cl(R(A + B)). If j belongs to 
int(R(A + II)), then for sufficiently small ) h /, f + h =: clc :- d,, , where 
cA E Av, and d,L E Bw, . It follows that (h, u,.) < c(h), so that (u,.) is bounded. 
Thus Jo R(A --t B) and this completes the proof. 
Recall [6, p. 1271 that if B is reflexive, E and E* are strictly convex, and 
.-I C B x E* is maximal monotone, then for each x E E and t > 0, there is a 
unique pair [xt , $1 =z [IfAx, 4,x] E .4 such that /(x~ - x) + t$ 0. 
THEOREM 2.4. Let I”: be a rejlexive Banach space and suppose that both E and 
B* are strictly convex. Let A and B be two maximal monotone operators in I:‘. If 
there exist 0 < k < I and positive C, , C2 such that for all v E D(A), a E Ac, and 
t > 0, (a, J-l(B,v)) 2 -k 1 B,v I* - Cl / B,v 1 - C, , then R(A) -: R(B) N 
R(A + B). 
Proof. Let f belong to E”. Since il + B, is maximal monotone, we can 
solve the equation YJx,,~ -+ A’x,,~ -+- Btx,,t 3 j for all positive Y and f. Since 
(f - rJxr,t - &r,t 3 J-l(B,x,,t)) 3 -k j BtxrSt i2 - C, ) Btx,. i - C, , we 
obtain ! Btx,,f 1 < C,,r 1 xr,t i + C, . Let vl E D(A), a, E Av, , and vz E D(B). 
Since (j- rJx,.,+ - B,x,,t - a,, x~,? - vl) > 0, (B,x,,, - B,v, , x,,( - vz) :-: 0, 
and ~ B,v, / & ,I Bc, ii, we have r 1 s,,~ ;2 < C, 1 x:r,t 1 + C, - (B,s, ,t , x?.~) -< 
C’; i .v,,~ j + C’s for all 0 < Y < I and t > 0, so that [rx.,.,t} and {B,x,,,~ are 
bounded. [6, Theorem 2.11 and its proof now imply that 4 -f- B is maximal 
monotone, that for fixed r, (x~,~] converges weakly as t -+ 0 to the solution of 
r Ju, -t Au, -f- Bu,. 3 j, and that Proposition 2.3 can be applied to complete the 
proof. 
We conclude with an analogue of Theorem 1.12. 
THEOREM 2.5. Let E be a rejlexive Banach space and suppose that both E and 
E” are strictly convex. Let A and B be two maximal monotone operators in I:‘ such 
that JtB(D(A)) C D(A) for t > 0. If j or each v E D(A) n D(B) and b E Bv there 
is a E Av such that (a, J-l(b)) 2 -k I 6 i2 - C, ) b / - C, where 0 < /z <’ 1 and 
Cl, C, > 0, then R(A) + R(B) ‘v R(A $- B). 
Proof. Let ~Jx,,~ $- a,,, + Btx,,t === j where a,,, E Ax,,~. There is a,,, in 
A],%,,, such that (c~,, , J-l(B,x,,,)) 3 -k j Btx,.,t /* - Cl 1 Btx,,t - C, . Also, 
(a,,, - 3r.t 7 J-‘(B,x,,,)) > 0. Since D(A) n D(B) # 0, {rx,,,> is bounded, and 
it follows that {B,x,,,) is bounded too. We again complete the proof by combining 
[6, Theorem 2.11 with Proposition 2.3. 
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